The relationship between the q-Wiener indices of Cartesian product, cluster of graphs and the original graphs are established in this work. With this observation, we present an explicit expression of the q-Wiener index of corona of graphs.
Introduction
In this paper, we are concerned with finite undirected graphs without loops or multiple edges. The distance between two vertices u and v of a graph G, denoted by d G (u, v) or d(u, v) for short, is the length of a shortest (u, v)-path in G. Let d(G) denote the maximum distance over all pairs of vertices of graph G, namely its diameter of G. If denote by d(G, k) the number of pairs of vertices of G that are at distance k, then the Wiener index of graph G can be expressed as follows [3] .
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The investigation of the quantity W (G) seems to be first undertaken by Harold Wiener over 50 years ago, in connection with certain chemical applications [3] .
Recently, q-analogs of the Wiener index were conceived, motivated by the theory of hypergeometric series. So far, there are three different variants of the q-Wiener index were considered [2] . For any positive integer k = 1, let [0] q = 0 and [k] q = 1 + q + q 2 + · · · + q k−1 , where 0 < q and q = 1. These three dfifferent q-Wiener indices of a graph G is difined as follows [1, 2] .
On the one hand, these three q-Wiener indices have a close relationship with the classic Wiener index, which can be exemplified by following equations.
On the other hand, these three q-Wiener indices are mutually related as follows.
The earliest q-analog studied in detail is the basic hypergeometric series, which was introduced in the 19th century [4] . In [1, 2] , the authors obtained the formulas of q-Wiener index of some compound trees and some basic properties of q-analogs of Wiener index. Basing on formulas (1) and (2) , in this work, we only consider the first q-Wiener index of some graph operations such as Cartesian product, cluter and corona of graphs.
The Cartesian product G 1 2G 2 of graphs G 1 and G 2 has vertex set
, where vertices (u 1 , u 2 ) and (v 1 , v 2 ) are adjacent to each other if and only if either
The corona G 1 • G 2 is obtained by taking one copy of G 1 and |G 1 | copies of G 2 , and joining each vertex of the ith copy of G 2 to the ith vertex of
The cluster G 1 {G 2 } is obtained by taking one copy of G 1 and |G 1 | copies of a rooted graph G 2 , and identifying the root of the ith copy of G 2 with the ith vertex of
We consider at first the q-Wiener index of Cartesian product and cluster graphs, and then with the result on cluster graphs to deduce the q-Wiener index of corona graphs. As a result, a explicit expression on q-Wiener index of corona graphs is obtained.
q-Wiener indices of composite graphs
For simplicity, we write
Lemma 1.
Let G i be a connected graph on n i vertices and v i be one of its vertex, i = 1, 2. If graph G is obtained by linking v 1 and v 2 with an edge, then
, and assume without loss of generality that x 1 = v 1 and y 1 = v 2 . Then
And so,
Hence, the lemma follows. 2
Proof. Add as few as possible edges to G 1 {G 2 } such that every pair of vertices of G 1 are adjacent to each other in the new graph G. If let G 2 (v i ) denote the copy of G 2 pasted in vertex v i , then for pair of vertices u ∈ V (G 2 (v i )) and v ∈ V (G 2 (v j )) we have
by above formula we decuce that
Combining this observation with Lemma 1, we have that (1 − q) . Combining this observation with formula (3), we deduce that
And so, the theorem follows. 2 Corollary 3. Let G i be a connected graph with n i vertices, i = 1, 2. Then
Proof. Denote by v the unique vertex of K 1 . Since the distance between every pair of vertices of G 2 +K 1 is either one or two, it is not difficult to deduce that
where the pasted vertex of G 2 + K 1 is the unique vertex v of K 1 . By Theorem 2, we deduce that
And so, the corollary follows. 2
Theorem 4.
If G i is a connected graph on n i vertices, i = 1, 2, then
Proof. For any two vertices
And so, the theorem follows. 2
